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Almost transitive superreﬂexive Banach spaces have been considered in [C. Finet, Uniform
convexity properties of norms on superreﬂexive Banach spaces, Israel J. Math. 53 (1986)
81–92], where it is shown that they are uniformly convex and uniformly smooth. We
characterize such spaces as those convex transitive Banach spaces satisfying conditions
much weaker than that of uniform convexity (for example, that of having a weakly lo-
cally uniformly rotund point). We note that, in general, the property of convex transitivity
for a Banach space is weaker than that of almost transitivity.
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1. Introduction
Throughout this paper X will denote a Banach space over the ﬁeld K of real or complex numbers. S X and BX will
denote the unit sphere and the closed unit ball of X , respectively, and X∗ and G(X) will stand for the topological dual
of X and the group of all surjective linear isometries on X , respectively. The Banach space X is said to be almost transitive
whenever, for every (equivalently, some) element u in S X , G(X)(u) is dense in S X , and is said to be convex transitive if,
for every u in S X , we have coG(X)(u) = BX , where co means closed convex hull. An element x ∈ X is said to be a big
point of X if coG(X)(x) = BX (so that X is convex transitive precisely when all elements in S X are big points of X ). We
denote by J the class of almost transitive superreﬂexive Banach spaces. This class has been ﬁrst considered by C. Finet [14]
(see also [13, Corollary IV.5.7]) and, more recently, has been revisited by F. Cabello [10,11], the authors [4–7], and J. Talpo-
nen [19].
According to [14], every member of J is uniformly convex and uniformly smooth. On the other hand, reﬁning some
previous arguments in [11], we proved in [4] that members of J can be actually characterized as those convex transitive
Banach spaces which are reﬂexive. Moreover, in that characterization, reﬂexivity can be relaxed to the Radon–Nikodym
property or that of being Asplund.
Now, let us return to isometric properties of members of J . Recall that the Banach space X is said to be uniformly convex
if:
For all sequences {xn} and {yn} in BX such that ‖xn + yn‖ → 2, we have that ‖xn − yn‖ → 0.
Recall also that the Banach space X is said to be uniformly non-square if:
There are no sequences {xn} and {yn} in BX satisfying that ‖xn + yn‖ → 2 and ‖xn − yn‖ → 2.
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(LUR) [3] A locally uniformly rotund (in short, LUR) point of B X if for every sequence {xn} in BX such that ‖x + xn‖ → 2,
we have that ‖x− xn‖ → 0.
(w-LUR) [3] A weakly locally uniformly rotund (in short, w-LUR) point of B X if for every sequence {xn} in BX such that
‖x+ xn‖ → 2, we have that {xn} converges weakly to x.
(SWM) A strong WM (in short, SWM) point of B X if for every sequence {xn} in BX such that ‖x + xn‖ → 2, and for every
f ∈ S X∗ such that f (x) = 1, we have that f (xn) → 1.
(J-UNS) [21] A James’ uniformly non-square (in short, J-UNS) point of B X if there is no sequence {xn} in BX such that
‖x+ xn‖ → 2 and ‖x− xn‖ → 2. (1.1)
We say that a Banach space X has one of the above properties if every x ∈ S X has the same property.
We note that the four properties above appear in weakening order, and that, clearly, the uniform convexity of X implies
X is LUR. For convenience, we also emphasize the following diagram:
X uniformly convex ⇒ X uniformly non-square
⇓ ⇓
X SWM ⇒ X J-UNS
(1.2)
and recall that, if X is a member of J , then X fulﬁls the strongest condition in that diagram.
Now let us summarize the main results of the present paper. We prove that X ∈ J if (and only if) X is convex transitive,
and there exists a J-UNS point x ∈ S X (see Theorem 4.4). We also prove that X ∈ J if (and only if) there exists a big point x
that is also an SWM point (see Theorem 4.11). We note that the existence of a big point x that is also a J-UNS point is not
enough to conclude that X is a member of J (see Example 4.12). On the other hand, since elements of S X where the norm
is Fréchet differentiable are SWM points (see Remark 4.13), Theorem 4.11 improves the result in [5] that X ∈ J if (and only
if) there exists a big point x of X such that the norm of X is Fréchet differentiable at x.
Theorems 4.4 and 4.11 and their corollaries contain many other characterizations of members of J . Limiting ourselves
to those which are understandable in the present moment, let us emphasize that X lies in J if (and only if) any of the
following conditions hold:
(1) X is convex transitive, and there are J-UNS points of BX∗ .
(2) There are big points of X , and LUR points of BX or BX∗ .
The “only if part” of the assertion just reviewed follows from the fact proved in [11] that the class J is self-dual (i.e., X lies
in J if and only if X∗ does).
B. Randrianantoanina [18] characterized Hilbert spaces as those almost transitive Banach spaces having a 1-complemented
hyperplane. In Section 5, we slightly reﬁne Randrianantoanina’s theorem (see Corollary 5.3), and apply the main results in
the present paper to rediscover and improve several “convex transitive” characterizations of Hilbert spaces obtained in [20]
(see Theorem 5.5).
2. Revisiting some previous arguments
Given a nonempty bounded subset A of X , slices of A are the sets of the form
S(A, x∗,α) := {x ∈ A: Re x∗(x) > supRe x∗(A) − α}, (2.1)
where x∗ belongs to S X∗ , and α is a positive real number. If X is a dual Banach space, and if the functional x∗ in (2.1) is
w∗-continuous, then the resulting slice is called a w∗-slice of A. For u in S X , we put
η(X,u) := limsup
‖h‖→0
‖u + h‖ + ‖u − h‖ − 2
‖h‖ .
Noticing that, for u in S X , the Fréchet differentiability of the norm of X at u can be characterized by the equality η(X,u) = 0
[13, Lemma I.1.3], the next result becomes a quantitative version of the fact, due to Smulyan, that the norm of the dual of
X is Fréchet differentiable at a point x∗ ∈ S X∗ if and only if x∗ strongly exposes the unit ball of X .
Lemma 2.1. (See [13, Proposition I.1.11].) Let x and x∗ be in S X and S X∗ , respectively. Then we have
η(X∗, x∗) = inf diam S(BX , x∗,α) (2.2)
α>0
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η(X, x) = inf
α>0
diam S(BX∗ , x,α). (2.3)
By applying successively equalities (2.2) and (2.3) in Lemma 2.1, we immediately obtain the following.
Corollary 2.2. Let x be in S X . Then we have η(X∗∗, x) = η(X, x).
We say that an element f of X∗ is a w∗-big point of X∗ if
BX∗ = cow∗
{
T ( f ): T ∈ G(X∗)},
and that X∗ is convex w∗-transitive if every element of S X∗ is a w∗-big point of X∗ . An element f of X∗ is called a
w∗-superbig point of X∗ if
BX∗ = cow∗
{
T ∗( f ): T ∈ G(X)}.
The following lemma follows easily from the Hahn–Banach separation theorem for closed convex sets in locally convex
spaces.
Lemma 2.3. The following assertions hold:
(1) X is convex transitive if and only if every element of S X∗ is a w∗-superbig point of X∗ .
(2) X∗ is convex w∗-transitive if and only if every element of S X is a w∗-superbig point of X∗∗ .
As a consequence of assertion (1) in Lemma 2.3, we are provided with the implication
X convex transitive ⇒ X∗ convex w∗-transitive. (2.4)
Given ε > 0, the Banach space X is said to be ε-rough if, for every u in S X , we have η(X,u) ε. We say that X is rough
whenever it is ε-rough for some ε > 0, and extremely rough whenever it is 2-rough. We proved in [5] that X is a member of
J if (and only if) X is convex transitive, and the norm of X is not extremely rough. We now reﬁne the result just reviewed
as follows.
Proposition 2.4. X is a member of J if (and only if ) X∗ is convex w∗-transitive, and the norm of X is not extremely rough.
Proof. Assume that the norm of X is not extremely rough. Then, keeping in mind Corollary 2.2, there exists u ∈ S X with
η(X∗∗,u) < 2. Assume additionally that X∗ is convex w∗-transitive. Then, as a consequence of assertion (2) in Lemma 2.3,
u is a w∗-big point of X∗∗ . If follows from [5, Lemma 2] that X∗∗ is uniformly non-square (and hence reﬂexive, by a
celebrated theorem of R.C. James [15]). Now X is convex transitive (by Lemma 2.3) and reﬂexive, and hence lies in J [4]. 
3. The main tool
In [1, Proposition 2.2] it is shown that the equality (2.2) in Lemma 2.1 remains true if BX is replaced with any subset
of X whose closed convex hull equals BX . Here, we are going to prove an analogous result for the equality (2.3). Whenever
the proof of a result can be reduced in an obvious way to the case that X is a real Banach space, we will do this without
notice.
Proposition 3.1. Let A be a subset of X∗ such that B X∗ = cow∗ (A), and let x be in S X . Then we have
η(X, x) = inf
α>0
diam S(A, x,α).
Proof. Keeping in mind Lemma 2.1, it is enough to show that
inf
α>0
diam S(A, x,α) inf
α>0
diam S(BX∗ , x,α).
Let us ﬁx 0 < ε < 1.
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Since x∗ ∈ co(A), there exists n ∈ N, a1, . . . ,an ∈ A, and t1, . . . , tn ∈ (0,1] with ∑ni=1 ti = 1 such that x∗ =∑ni=1 tiai . Now
let
P := {i: x(ai) > 1− ε},
δ :=∑i∈P ti , and deﬁne
y∗ := 1
δ
∑
i∈P
tiai and z
∗ := 1
1− δ
∑
i /∈P
tiai .
It follows that x∗ = δy∗ + (1− δ)z∗ , x(y∗) > 1− ε and x(z∗) 1− ε.
Since x∗ ∈ S(co(A), x, ε2), we have that
1− ε2  x(x∗) = x(δy∗ + (1− δ)z∗)= δx(y∗) + (1− δ)x(z∗)
 δ + (1− δ)(1− ε) = 1− ε(1− δ)
and so 1− δ  ε. It follows that
‖x∗ − y∗‖ = ∥∥δy∗ + (1− δ)z∗ − y∗∥∥= (1− δ)‖y∗ − z∗‖ 2ε.
This proves the claim.
Now let x∗ ∈ S(BX∗ , x, ε2). Since S(BX∗ , x, ε2) is relatively w∗-open in BX∗ , and co(A) is w∗-dense in BX∗ , there is
a net {x∗λ}λ∈Λ in S(co(A), x, ε2) such that {x∗λ}λ∈Λ
w∗→ x∗ . By the claim, for each x∗λ , there is y∗λ ∈ co(S(A, x, ε)) such that‖x∗λ − y∗λ‖ < 2ε.
Now, let y∗ ∈ BX∗ be a w∗-cluster point of the net {y∗λ}λ∈Λ ⊆ co(S(A, x, ε)). Then y∗ ∈ cow
∗
(S(A, x, ε)) and ‖x∗ − y∗‖
lim infλ ‖x∗λ − y∗λ‖ 2ε.
Thus, given 0 < ε < 1 and x∗ ∈ S(BX∗ , x, ε2), there exists y∗ ∈ cow∗ (S(A, x, ε)) such that ‖x∗ − y∗‖  2ε. As a conse-
quence, we have that
diamcow
∗(
S(A, x, ε)
)+ 4ε  diam S(BX∗ , x, ε2) inf
α>0
diam S(BX∗ , x,α).
Since the function ε 	→ diam S(A, x, ε) is increasing, and
diamcow
∗(
S(A, x, ε)
)= diam S(A, x, ε)
(because of the lower w∗-semicontinuity of the norm of X∗), it is enough to let ε → 0, to obtain
inf
α>0
diam S(A, x,α) inf
α>0
diam S(BX∗ , x,α),
as desired. 
The result in [1] quoted above is contained in Proposition 3.1 just proved. Indeed we have the following.
Corollary 3.2. Let A be a subset of X such that B X = co(A), and let x∗ be in S X∗ . Then we have
η(X∗, x∗) = inf
α>0
diam S(A, x∗,α).
Proof. The assumption that BX = co(A), together with Goldstine’s theorem, gives us that BX∗∗ = cow∗ (A). Therefore, by
applying Proposition 3.1, we obtain that
η(X∗, x∗) = inf
α>0
diam S(A, x∗,α),
as desired. 
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Proposition 4.1. Assume that there exists a J-UNS point of B X∗ which is a w∗-big point of X∗ . Then we have that
sup
{
η(X,u): u ∈ S X
}
< 2.
Proof. Assume that the conclusion in the statement does not hold, and let f be any w∗-big point of X∗ . We must show that
f cannot be a J-UNS point of BX∗ . Let n be in N. By the assumption just made, there is un ∈ S X such that η(X,un) > 2− 1n .
By Proposition 3.1, we have that diam S(G(X∗)( f ),un,α) > 2− 1n for every α > 0. By taking α := 12n , we ﬁnd Tn, Fn ∈ G(X∗)
such that both Tn( f ) and Fn( f ) lie in S(G(X∗)( f ),un, 12n ), and
∥∥Tn( f ) − Fn( f )∥∥ 2− 1
n
.
As a consequence we have that
2
∥∥ f + T−1n Fn( f )∥∥ 2− 1n and 2
∥∥ f − T−1n Fn( f )∥∥ 2− 1n
for every n ∈ N. It follows that f is not a J-UNS point of BX∗ . 
Lemma 4.2. J-UNS points of B X are J-UNS points of B X∗∗ .
Proof. Let x be in S X , and assume that x is not a J-UNS point of BX∗∗ . Fix n in N. By the assumption on x, there is y∗∗ ∈ BX∗∗
such that ‖x± y∗∗‖ > 2− 1n . Therefore, choosing f , g ∈ S X∗ such that f (x+ y∗∗) > 2− 1n and g(x− y∗∗) > 2− 1n , we realize
that the set
W :=
{
x∗∗ ∈ BX∗∗ : f (x+ x∗∗) > 2− 1
n
and g(x− x∗∗) > 2− 1
n
}
is a nonempty relatively w∗-open subset of BX∗∗ . Since BX is w∗-dense in BX∗∗ , there is xn ∈ BX ∩ W . Now the sequence
{xn} ⊆ BX satisﬁes (1.1), and hence x is not a J-UNS point of BX . 
By putting together Proposition 4.1 and Lemma 4.2, we obtain the following.
Corollary 4.3. Assume that there exists a J-UNS point of B X which is a w∗-big point of X∗∗ . Then we have that
sup
{
η(X∗, f ): f ∈ S X∗
}
< 2.
Now we are ready to prove the following.
Theorem 4.4. The following assertions are equivalent:
(1) X is a member of J .
(2) X∗ is convex w∗-transitive, and there exists a J-UNS point of B X∗ .
(3) X∗ is convex w∗-transitive, and there exists a J-UNS point of B X .
(4) X is convex transitive, and there exists a J-UNS point of B X∗ .
(5) X is convex transitive, and there exists a J-UNS point of B X .
Proof. The implications (1) ⇒ (4) and (1) ⇒ (5) are clear, whereas the ones (4) ⇒ (2) and (5) ⇒ (3) follow from the
implication (2.4).
(2) ⇒ (1). By the assumption (2) and Proposition 4.1, we have that η(X,u) < 2 for every u ∈ S X . Now X∗ is convex
w∗-transitive, and the norm of X is not extremely rough. Therefore, by Proposition 2.4, X lies in J .
(3) ⇒ (1). By the assumption (3), Lemma 2.3(2), and Corollary 4.3, we have that η(X∗, f ) < 2 for every f ∈ S X∗ . Now X∗
is convex w∗-transitive, and the norm of X∗ is not extremely rough. Therefore, by the implication 5 ⇒ 1 in [5, Theorem 1],
X lies in J . 
Let x be in S X . We put
D(X, x) := { f ∈ BX∗ : f (x) = 1}.
Following [12], we say that x is a WM point of B X if for every sequence {xn} in BX such that limn ‖x+ xn‖ = 2 there exists
f ∈ D(X, x) such that limn f (xn) = 1. In fact, if x is a WM point of BX , and if {xn} and {yn} are sequences in BX such
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consider the sequence {zn} in BX deﬁned by z2n−1 := xn and z2n := yn for every n ∈ N, note that limn ‖x + zn‖ = 2, and
apply that x is a WM point of BX to ﬁnd the desired f ∈ D(X, x). This simple observation leads to the following.
Lemma 4.5.WM points of B X are J-UNS point of B X .
By putting together Theorem 4.4 and Lemma 4.5, we derive the following.
Corollary 4.6. The following assertions are equivalent:
(1) X is a member of J .
(2) X∗ is convex w∗-transitive, and there exists a WM point of B X∗ .
(3) X∗ is convex w∗-transitive, and there exists a WM point of B X .
(4) X is convex transitive, and there exists a WM point of B X∗ .
(5) X is convex transitive, and there exists a WM point of B X .
The “only if” part of the next lemma follows from Lemma 2.3(1).
Lemma 4.7. X is convex transitive if (and only if ) there exists a big point u of X such that every element in D(X,u) is a w∗-superbig
point of X∗ .
Proof. Assume that there exists a big point u of X such that every element in D(X,u) is a w∗-superbig point of X∗ . Let
g be in S X∗ . Since u is a big point of X , given n ∈ N, there exists Tn ∈ G(X) satisfying that g(Tn(u)) > 1 − 1n . Let h be a
w∗-cluster point of the sequence {T ∗n (g)} in BX∗ . Since {T ∗n (g)(u)} → 1, we have that actually h lies in D(X,u), and hence,
by the assumption, it is a w∗-superbig point of X∗ . On the other hand, it is clear that h belongs to cow∗ (G(X)∗(g)). Since
cow
∗
(G(X)∗(g)) is a w∗-closed, convex, and G(X)∗-invariant subset of X∗ , and contains the w∗-superbig point h of X∗ , we
conclude that g is a w∗-superbig point of X∗ . Since g is arbitrary in S X∗ , Lemma 2.3(1) applies to obtain that X is convex
transitive, as desired. 
Lemma 4.8. Let f be a w∗-superbig point of X∗ , and let g be in S X∗ . Then we have that
sup
{∥∥ f + T ∗(g)∥∥: T ∈ G(X)}= 2.
Proof. Let ε > 0. Take x ∈ S X such that g(x) > 1− ε, and apply that f is a w∗-superbig point of X∗ to ﬁnd F ∈ G(X) with
f (F (x)) > 1− ε. Then we have ‖F ∗( f ) + g‖ > 2(1− ε) or, equivalently, ‖ f + T ∗(g)‖ > 2(1− ε), with T := F−1 ∈ G(X). 
Arguing similarly, we obtain the following.
Lemma 4.9. Let u be a big point of X , and let v be in S X . Then we have that
sup
{∥∥u + T (v)∥∥: T ∈ G(X)}= 2.
Let x be in S X . Following [20], given a vector space topology τ on X , we say that x is a τ -locally uniformly rotund (in
short, τ -LUR) point of B X if for every sequence {xn} in BX such that limn ‖x+ xn‖ = 2 we have that τ -limn xn = x. We note
that LUR points of BX , as deﬁned in the introduction, are precisely the τ -LUR points of BX for τ equal to the norm topology.
Clearly, w-LUR points of BX are SWM points of BX , and SWM points of BX are WM points of BX .
The following lemma is straightforward.
Lemma 4.10. Let x be a τ -LUR point of B X for some Hausdorff vector space topology τ on X. Then x is a J-UNS point of B X .
Theorem 4.11. The following conditions are equivalent:
(1) X is a member of J .
(2) There exists a big point of X which is an SWM point of B X .
(3) There exists a big point of X which is a w-LUR point of B X .
(4) There exists a w∗-superbig point of X∗ which is a w∗-LUR point of B X∗ .
(5) There are big points of X and LUR points of B X .
(6) There are w∗-superbig points of X∗ and LUR points of B X∗ .
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(5) ⇒ (3). Let u and v be the big point of X and the LUR point of BX , respectively, whose existence is assumed. By
Lemma 4.9, there is a sequence {Tn} in G(X) such that ‖u + Tn(v)‖ → 2 or, equivalently, ‖v + T−1n (u)‖ → 2. Since v is
an LUR point of BX , we deduce that ‖v − T−1n (u)‖ → 0, which implies that v belongs to G(X)(u). Since, for x, y ∈ S X , the
condition x ∈ G(X)(y) is a symmetric relation, it follows that G(X)(u) = G(X)(v). Therefore, since u is a big point of X , so
is v , and assertion (3) holds because v is an LUR point of BX .
(2) ⇒ (1). By the assumption, there exists a big point u of X which is an SWM point of BX . Let x and h be in S X and
D(X,u), respectively. The fact that u is a big point of X , together with Lemma 4.9, provides us with a sequence {Tn} in
G(X) such that ‖u + Tn(x)‖ → 2. Therefore, applying that u is an SWM point of BX , we derive that h(Tn(x)) → 1, which
implies sup{x(T ∗(h)): T ∈ G(X)} = 1. Since x is arbitrary in S X , it follows from the Hahn–Banach separation theorem that
cow
∗
(G(X)∗(h)) = BX∗ , i.e., h is a w∗-superbig point of X∗ . Since h is arbitrary in D(X,u), and u is a big point of X , we
derive from Lemma 4.7 that X is convex transitive. Now X∗ is convex w∗-transitive (by the implication (2.4)), and the norm
of X∗ is not extremely rough (by Lemma 4.5 and Corollary 4.3), so that, by the implication 5 ⇒ 1 in [5, Theorem 1], X lies
in J .
(6) ⇒ (4). Argue as in the proof of (5) ⇒ (3) replacing Lemma 4.9 with Lemma 4.8.
(4) ⇒ (1). By the assumption, there exists a w∗-superbig point f of X∗ which is a w∗-LUR point of BX∗ . Let g be in S X∗ .
The fact that f is a w∗-superbig point of X∗ , together with Lemma 4.8, provides us with a sequence {Tn} in G(X) such
that ‖ f + T ∗n (g)‖ → 2. Therefore, applying that f is a w∗-LUR point of BX∗ , we derive that {T ∗n (g)} w
∗→ f , and hence that
f ∈ G(X)∗(g)w∗ ⊆ cow∗ (G(X)∗(g)). Since f is a w∗-superbig point of X∗ , the above implies that g is a w∗-superbig point
of X∗ . Since g is arbitrary in S X∗ , it follows from Lemma 2.3(1) that X is convex transitive. Since in addition the norm of
X is not extremely rough (by Lemma 4.10 and Proposition 4.1), the implication 4 ⇒ 1 in [5, Theorem 1] applies, giving us
that X lies in J . 
Theorem 4.11 above does not remain true if condition (2) in that theorem is replaced with the weaker one that there
exists a big point of X which is a J-UNS point of BX . Indeed, we have the following.
Example 4.12. Let A denote the set of the sixth roots of the unit 1 in C, and let X stand for the real Banach space (C,‖ · ‖),
where ‖ · ‖ is the norm on C whose corresponding closed unit ball is the convex hull of A. Clearly, X /∈ J . Let T be the
linear operator on X deﬁned by T (z) := eiπ/3z for every z ∈ X . Then T ∈ G(X). Since A = {Tn(1): n = 0, . . . ,5}, it follows
that 1 is a big point of X . Assume that 1 is not a J-UNS point of BX . Then, since X is ﬁnite-dimensional, we can ﬁnd w ∈ BX
such that ‖1 ± w‖ = 2, and this implies that the mapping (λ,μ) → λ + μw is a linear isometry from 
21 (i.e., R2 with
the sum norm) onto X . Since the existence of such a linear isometry is not possible (because BX has six extreme points,
whereas B
21
has only four), we conclude that 1 is a J-UNS point of B X .
Remark 4.13. We proved in [5, Theorem 1] that the Banach space X is a member of J if (and only if) there exists a big
point u of X such that the norm of X is Fréchet differentiable at u. It is worth mentioning that the characterization (2)
of members of J in Theorem 4.11 is deeper than the one just reviewed. This is so because norm-one points of Fréchet
differentiability of the norm are SWM points. Indeed, if u ∈ S X is a point of Fréchet differentiability of the norm of X ,
then D(X,u) reduces to a singleton (say f ), and u strongly exposes f . Therefore, if {xn} is any sequence in BX such that
‖u + xn‖ → 2, then it is enough to take { fn} in BX∗ with fn(u + xn) → 2, to have that fn(u) → 1 (which implies that
‖ fn − f ‖ → 0 because f is strongly exposed by u) and fn(xn) → 1. Since
∣∣ fn(xn) − f (xn)∣∣ ‖ fn − f ‖,
we derive that f (xn) → 1, as desired.
Lemma 4.14. Assume that X has some big point, and let f and g be in S X∗ . Then we have that
sup
{∥∥ f + T ∗(g)∥∥: T ∈ G(X)}= 2.
Proof. Let u be the big point of X whose existence is assumed, and let ε > 0. Then there exist F ,G ∈ G(X) such that
f (F (u)) > 1− ε and g(G(u)) > 1− ε. This implies ‖F ∗( f )+ G∗(g)‖ > 2(1− ε) or, equivalently, ‖ f + T ∗(g)‖ > 2(1− ε), with
T := GF−1 ∈ G(X). 
Arguing similarly, we obtain the following.
Lemma 4.15. Assume that X∗ has some w∗-superbig point, and let u and v be in S X . Then we have that
sup
{∥∥u + T (v)∥∥: T ∈ G(X)}= 2.
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(1) X is a member of J .
(2) There exists a big point of X , and the convex hull of the set of all w∗-LUR points of B X∗ is w∗-dense in B X∗ .
(3) There exists a w∗-superbig point of X∗ , and the convex hull of the set of all w-LUR points of B X is dense in B X .
(4) There exist a big point of X and an LUR point of B X∗ .
(5) There exist a w∗-superbig point of X∗ and an LUR point of B X .
Proof. The implications (1) ⇒ (4) and (1) ⇒ (5) are clear.
(4) ⇒ (2). Let f be the LUR point of BX∗ whose existence is assumed, and let g be in S X∗ . The assumption that X has
big points, together with Lemma 4.14, provides us with a sequence {Tn} in G(X) such that ‖ f + T ∗n (g)‖ → 2. Since f is an
LUR point of BX∗ , we deduce that ‖ f − T ∗n (g)‖ → 0 or, equivalently, that ‖(T−1n )∗( f ) − g‖ → 0. Since g is arbitrary in S X∗ ,
we realize that G(X)∗( f ) is norm-dense in S X∗ . On the other hand, G(X)∗( f ) consists only of LUR points of BX∗ because f
is an LUR point of BX∗ . It follows that the set of all LUR points of BX∗ is norm-dense in S X∗ , and this largely implies that
the convex hull of the set of all w∗-LUR points of BX∗ is w∗-dense in BX∗ .
(5) ⇒ (3). Argue as in the proof of (4) ⇒ (2), replacing Lemma 4.14 with Lemma 4.15.
(2) ⇒ (1). Let L stand for the set of all w∗-LUR points of BX∗ . Let f and g be in L and S X∗ , respectively. The assumption
that X has big points, together with Lemma 4.14, provides us with a sequence {Tn} in G(X) such that ‖ f + T ∗n (g)‖ → 2.
Since f is a w∗-LUR point of BX∗ , we deduce that {T ∗n (g)} w
∗→ f , and hence that f ∈ cow∗ (G(X)∗(g)). Since f is arbitrary
in L, and cow∗ (L) = BX∗ (by the assumption), we derive that g is a w∗-superbig point of X∗ . Now all elements of S X∗ are
w∗-superbig points of X∗ , and some of them are w∗-LUR points of BX∗ (again by the assumption that cow
∗
(L) = BX∗ ), so
that X lies in J because of the implication (4) ⇒ (1) in Theorem 4.6.
(3) ⇒ (1). Argue as in the proof of (2) ⇒ (1), replacing Lemma 4.14 (respectively, the implication (4) ⇒ (1) in Theo-
rem 4.6) with Lemma 4.15 (respectively, the implication (3) ⇒ (1) in Theorem 4.6). 
5. Some applications
Throughout this section, the Banach space X is assumed to be of dimension at least two. We consider the set H(X) of
all bounded linear projections P on X such that P (X) is a hyperplane of X , as well as the hyperplane constant h(X) of X
deﬁned by
h(X) := inf{‖P‖: P ∈ H(X)}.
We have the following.
Proposition 5.1. Assume that X is almost transitive. Then, for each u ∈ S X , there exists P ∈ H(X) such that ‖P‖ = h(X) and P (u) = 0.
Proof. Let u be in S X . For n ∈ N, chose Pn ∈ H(X) such that ‖Pn‖ h(X) + 1n , write Pn(x) = x − fn(x)un for all x ∈ X and
suitable (un, fn) ∈ S X × X∗ with fn(un) = 1, note that ‖ fn‖ 1+h(X)+ 1n , apply the assumption that X is almost transitive
to ﬁnd Tn ∈ G(X) with ‖Tn(u) − un‖ 1n , and put gn := T ∗n ( fn). Then for every (x,n) ∈ X × N we have∥∥x− gn(x)u∥∥= ∥∥Tn(x) − gn(x)Tn(u)∥∥

∥∥Tn(x) − gn(x)un∥∥+ ∣∣gn(x)∣∣∥∥Tn(u) − un∥∥
= ∥∥Pn(Tn(x))∥∥+ ∣∣gn(x)∣∣∥∥Tn(u) − un∥∥
 ‖x‖
(
h(X) + 1
n
+
(
1+ h(X) + 1
n
)
1
n
)
.
Now, taking a w∗-cluster point f of the sequence {gn} in X∗ , and denoting by P the mapping x → x− f (x)u from X to X ,
we derive that ‖P (x)‖ h(X)‖x‖ for every x ∈ X , and hence that ‖P‖ h(X). On the other hand, for n ∈ N we have
∣∣1− gn(u)∣∣= ∣∣ fn(un) − fn(Tn(u))∣∣ ‖ fn‖∥∥un − Tn(u)∥∥
(
1+ h(X) + 1
n
)
1
n
,
which implies f (u) = 1. It follows that P lies in H(X), P (u) = 0, and ‖P‖ = h(X). 
It is known that a Banach space is a Hilbert space whenever its dimension is at least three, and all its two-dimensional
subspaces are ranges of contractive linear projections. This result is due to S. Kakutani [16] in the real case, and to F. Bohnen-
blust [8] in the complex case. Arguing as in the proof of [18, Theorem 2.5], the Kakutani–Bohnenblust theorem leads to the
following.
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Hilbert space.
By putting together Proposition 5.1 and Lemma 5.2, and keeping in mind that ﬁnite-dimensional almost transitive Banach
spaces are Hilbert spaces (see for example [6, Corollary 2.42]), we derive the following.
Corollary 5.3. X is a Hilbert space if (and only if ) it is almost transitive and h(X) = 1.
Remark 5.4. Proposition 5.1 reﬁnes [9, Proposition 5.1], where it is shown that, if X is almost transitive, then for every
u ∈ S X one has
h(X) = inf{‖P‖: P ∈ H(X) and P (u) = 0}.
The version of Lemma 5.2 for real spaces appears as Theorem 2.5 of [18], and also as Proposition 1.3 of [20]. As pointed
out in [20], this real version of Lemma 5.2 seems to be very old (see [2, Lemma 13.1 and (13.4′)]). Again in the real case,
Corollary 5.3 becomes a slight reﬁnement of the main result in [18] asserting that the Banach space X becomes a Hilbert
space as soon as it is almost transitive and there exists a contractive linear projection from it onto some of its hyperplanes.
Actually, (the general version of) Corollary 5.3 appears as Corollary 5.3 of [9], where the ideas for a proof are suggested in
a very rough way.
Since the Banach space X is almost transitive as soon as it is a member of J , it follows from Corollary 5.3 that X
becomes a Hilbert space as soon as it lies in J and h(X) = 1. In this way, invoking all known characterizations of members
X of J (see [4–7,19], and Section 4 of the present paper), and adding to each of them the requirement that h(X) = 1, we
could obtain an enormous list of new characterizations of Hilbert spaces. Among them, we limite ourselves to emphasize
the following ones.
Theorem 5.5. X is a Hilbert space if (and only if ) h(X) = 1 and any of the following conditions holds:
(1) X is convex transitive, and there exists a J-UNS point of B X .
(2) X is convex transitive, and there exists a WM point of B X .
(3) There exists a big point of X which is an SWM point of B X .
(4) There exists a big point of X , and the convex hull of the set of all w∗-LUR points of B X∗ is w∗-dense in B X∗ .
Parts (1)–(4) of Theorem 5.5 follow from Corollary 5.3 by invoking Theorem 4.4, Corollary 4.5, Theorem 4.11, and Corol-
lary 4.16, respectively. We note that part (3) of Theorem 5.5 improves both Theorem 3.3 and Theorem 5.3 of [20]. In its
turn, part (4) of Theorem 5.5 reﬁnes part (b) of [20, Theorem 3.2].
6. Concluding remarks
As usual, we say that the Banach space X contains another Banach space Y almost isometrically if, for every ε > 0, there
exists an isomorphism Φ from Y to a subspace of X satisfying
‖Φ‖∥∥Φ−1∥∥ 1+ ε. (6.1)
Now, let us ﬁx x in S X , and let 
21 stand for the Banach space R
2 endowed with the sum norm. We say that X contains

21 almost isometrically with vertex at x if, for every ε > 0, there exists an isomorphism Φ from 

2
1 to a real subspace of X
satisfying (6.1) and Φ(1,0) = x. The following remark could be useful to clarify the deﬁnition of J-UNS points.
Remark 6.1. Let x be in S X . Then the following assertions are equivalent:
(1) X contains 
21 almost isometrically with vertex at x.
(2) x is not a J-UNS point of BX .
Proof. (1) ⇒ (2). Let n be in N. According to the assumption (1), there exists an isomorphism Φn from 
21 to a subspace of
X satisfying ‖Φn‖‖Φ−1n ‖ 1+ 1n and Φn(1,0) = x. By putting xn := Φn(0,1)‖Φn‖ , we have that xn lies in BX . On the other hand,
since Φ−1n (x) = (1,0), we have that ‖Φ−1n ‖ 1, and hence that ‖Φn‖ 1+ 1 . Therefore we haven
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n + 1 =
2n
n + 1 − 1+
n
n + 1 
2n
n + 1 − 1+
1
‖Φn‖
= 2n
n + 1 −
∥∥∥∥ x‖Φn‖ − x
∥∥∥∥ 2‖Φn‖‖Φ−1n ‖ −
∥∥∥∥ x‖Φn‖ − x
∥∥∥∥
 ‖Φn(1,±1)‖‖Φn‖ −
∥∥∥∥ x‖Φn‖ − x
∥∥∥∥=
∥∥∥∥ x‖Φn‖ ± xn
∥∥∥∥−
∥∥∥∥ x‖Φn‖ − x
∥∥∥∥ ‖x± xn‖.
It follows that the sequence {xn} satisﬁes (1.1), and hence that x is not a J-UNS point of BX .
(2) ⇒ (1). Let ε > 0. By the assumption (2), there exists y ∈ BX such that ‖x ± y‖  2+ε1+ε . Deﬁne Φ : 
21 → X by
Φ(λ,μ) := λx + μy. Clearly, Φ becomes an isomorphism onto a subspace of X satisfying ‖Φ‖ = 1 and Φ(1,0) = x. There-
fore it only remains to show that ‖Φ−1‖ 1 + ε. Fix one of the signs ±, and consider the function φ : [0,1] → R deﬁned
by φ(t) := ‖tx± (1− t)y‖. Since φ is convex, for 12 < t  1 we have
φ(t) − φ( 12 )
t − 12

φ(0) − φ( 12 )
0− 12
,
which reads as
φ(t) 2
(
φ
(
1
2
)
− φ(0)
)
t + φ(0),
and implies
φ(t)min
{
φ
(
1
2
)
,2φ
(
1
2
)
− φ(0)
}
min
{
2+ ε
2(1+ ε) ,
2+ ε
1+ ε − 1
}
= 1
1+ ε .
Similarly, for 0 t < 12 we have
φ(t) − φ( 12 )
t − 12

φ(1) − φ( 12 )
1− 12
,
which implies φ(t) 11+ε . In this way we have shown that φ(t)
1
1+ε for every t ∈ [0,1]. This reads as ‖Φ(α)‖ 11+ε for
every α in the unit sphere of 
21, i.e. ‖Φ−1‖ 1+ ε, as desired. 
Arguing as in the above proof, we rediscover Cabello’s observation in [9, pp. 109–110] that a Banach space is uniformly
non-square if and only if it does not contain 
21 almost isometrically.
SWM points arise in [17] under a different name, and with an apparently different deﬁnition. Indeed, the authors of [17]
consider elements x of S X with the property (say P) which follows:
P For every sequence {xn} in BX such that ‖x + xn‖ → 2, and for every f ∈ D(X, x), there exists a subsequence {xσ(n)}
such that f (xσ(n)) → 1.
However, as a matter of fact, we have the following.
Remark 6.2. An element x of S X is an SWM point of BX if (and only if) it satisﬁes property P above.
Proof. Assume that x belongs to S X and satisﬁes property P . Let {xn} be a sequence in BX such that ‖x + xn‖ → 2, and
let f be in D(X, x). We must show that f (xn) → 1. To this end, it is enough to realize that 1 is the unique cluster point
of the sequence { f (xn)}. Let r be a cluster point of { f (xn)}. Then there is a subsequence { f (xτ (n))} convergent to r. Since
‖x + xτ (n)‖ → 2, and f lies in D(X, x), the assumed property P for x provides us with a strictly increasing mapping
σ : N → N such that f (xτ (σ (n))) → 1. Since clearly f (xτ (σ (n))) → r, we derive r = 1, as desired. 
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